We present an ab initio study which identifies dominant effects leading to thermal conductivity reductions in carbon and boron-nitride nanotubes with isotope disorder. Our analysis reveals that, contrary to previous speculations, localization effects cannot be observed in the thermal conductivity measurements. Observable reduction of the thermal conductivity is mostly due to diffusive scattering. Multiple scattering induced interference effects were found to be prominent for isotope concentrations *10%; otherwise, the thermal conduction is mainly determined by independent scattering contributions of single isotopes. We give explicit predictions of the effect of isotope disorder on nanotube thermal conductivity that can be directly compared with experiments.
In recent years, it has become possible to experimentally study the flow of heat at the nanoscale [1] . This has opened up a new field, with plenty of novel phenomena which are not yet understood. One specific issue that is still controversial is the effect of isotope disorder on nanotube thermal conduction, which has been experimentally investigated in boron-nitride (BN) nanotubes (NTs) [2] . Despite the fact that thermal transport in disordered quasi-one-dimensional (1D) systems has been addressed in several theoretical studies [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] , a detailed analysis of this problem in realistic systems at the atomic scale is still lacking. Previous work has focused on short nanowires (NWs) and thin films with rough surface [3] [4] [5] [6] [7] [8] and isotope impurities [9] . Also, carbon NTs (CNTs) in the presence of structural or chemical defects [10] [11] [12] and isotope impurities [13, 14] have been investigated. Although these studies proved to be useful in estimating a reduction of the thermal conductance with respect to the defect free case, its deviation from the universal value at low temperatures [6] , and its anomalous temperature behavior in thin NWs [7] , they have only touched upon the important issue of coherent transport regimes and their implications on thermal conduction.
It is well known from transport theory that wave interference (WI) effects in disordered systems lead to distinct transport regimes: ballistic, diffusive and localized [15] . It has been speculated that localized phonon transport might be the reason for a large reduction (50%) of the thermal conductivity in isotope-disordered BN NTs [2] . However, to our best knowledge, no study has attempted to calculate characteristic transport length scales, and answer whether or not this is the case. In this Letter, we resolve the existing controversy and show that localization effects should not be observable. Instead, diffusive scattering is the dominant mechanism which decreases the thermal conductivity. The contribution of multiple scattering driven WI effects to thermal conduction is considerable for large isotope concentrations (*10%); for low concentrations, scattering properties of individual isotope impurities play a dominant role. We present these findings for C and BN NTs with isotope disorder and give concrete predictions of the magnitude of isotope effects on their thermal conductivities.
The issue of phonon transport in disordered quasi-1D systems is conceptually similar to that of electron transport [16, 17] . We use an atomistic Green's function formalism [18] to study coherent phonon transport in nanotubes with isotope disorder. Ab initio interatomic force constants of perfect infinite C and BN NTs were calculated with an atomic orbital pseudopotential density functional approach [19] using converged parameters given in previous works [12, 20] . Introducing isotopes modifies the harmonic matrices via the altered masses only, without changing the force constants. We consider a nanotube segment of length L, containing a random configuration of isotopes and connected to perfect, semi-infinite leads [see Fig. 1(a) ]. Assuming an infinitely small temperature gradient between the leads, the transmission function through the disordered section of different lengths (up to 5 m), for the whole frequency spectrum, is calculated [18, 21] . The same procedure is repeated for a sufficient number of different random configurations (200) of isotope impurities in the same concentration, and the configuration averaged transmission for each frequency and length is computed. Finally, the thermal conductance is calculated according to
where @ is Planck's constant, ! the phonon angular frequency, T the temperature, T ð!Þ the configuration averaged transmission, and f BE ð!; TÞ the Bose-Einstein distribution.
Figure 1(b) shows how the configuration averaged transmission depends on the frequency for different lengths L of a (7, 0) CNT with 10.7% of 14 C isotope impurities. The transmission of the perfect nanotube (solid black line) matches the number of phonon bands N. The transmission for low frequencies weakly varies with the length. This is a characteristic of the ballistic transport regime. For higher frequencies, multiple scattering events start dominating the transport as L increases and a crossover from the ballistic to the diffusive regime occurs. This is clearly seen in Fig. 1(c) : the length dependence of the transmission for intermediate frequencies (except those close to the band edges), given by circles and squares in Fig. 1 (b), is well described by the sum of the ballistic and diffusive contributions in the entire range of L considered: T ð!Þ ¼ N=ð1 þ L=l e ð!ÞÞ, where l e ð!Þ is the mean free path [15] . However, for high frequencies and those close to the band edges, isotope induced backscattering effects become increasingly important as L increases. As a consequence, the localization regime is established, characterized by an exponential decrease of the transmission with the length according to lnT ð!Þ ¼ ÀL=ð!Þ, where ð!Þ is the localization length [15] . In Fig. 1(c) , the transmission at frequencies indicated by diamonds, triangles, crosses, and upper triangles in Fig. 1(b) clearly fits the dif fusive scaling law for small L. For larger L, the transmission is well represented by the localization scaling law [see Fig. 1 
To fully characterize coherent transport regimes, we have calculated the frequency dependence of the mean free paths and the localization lengths (given in Fig. 2 by solid and dashed lines, respectively). The mean free paths l e were extracted from a fit to T ¼ N=ð1 þ L=l e Þ throughout the range of lengths 0 < L < L 0 where T provides a better statistical description of the transmission than lnT (i.e., L such that ÁT =T < Á lnT =lnT , ÁT ¼ ðT 2 À T 2 Þ 1=2 ) [16] . On the other hand, the localization lengths were interpolated from lnT ¼ ÀL= for L > L 0 . In addition to the approximate $! À2 behavior, in accordance with the Rayleigh formula for 1D systems, both length scales display signatures of the underlying phonon band structure: drops close to the band edges due to the reduced group velocity and transmission probability. The localization length is commonly related to the mean free path via the Thouless relation $ Nl e [22, 23] . Under assumptions of weak disorder and isotropic scattering in quasi-1D systems where diffusive (l e ( L ( ) and localized regimes (L ) ) are clearly separable, this relation was shown to be independent of the type of disorder and the band structure [24] . However, the separation of transport regimes in our particular system is not so clear-cut because of a relatively small number of transport channels (N $ 10); therefore, it is not a priori apparent if the Thouless relation should hold. The Fig. 2 inset compares the ratio =l e with the predictions of the Thouless relation in the whole frequency spectrum. The agreement is quite good (similarly as for electrons in NTs [16] and NWs [17] ), except for lower ! (where cannot be calculated properly because they become similar to the maximal L considered) and ! % 230 THz (where l e could not be extracted accurately due to strong backscattering even for short L). 
PRL 101, 165502 (2008) P H Y S I C A L R E V I E W L E T T E R S week ending 17 OCTOBER 2008

165502-2
The transition to the localized regime for a certain phonon frequency will happen only if incoherent effects are weak enough so that phonons preserve their phase coherence up to the localization length. In the opposite case, the conduction is determined by the interplay between coherent multiple scattering and incoherent effects. The inclusion of both phenomena on an equal footing into the present Green's function formalism for long nanotubes is an extremely challenging problem and merits a separate study. Nonetheless, localization and anharmonic relaxation lengths can be directly confronted in order to know whether localization will take place.
A rough estimate of the order of magnitude of the anharmonic relaxation length in graphite materials has been given as l ¼ BT À1 ! À2 , B ¼ 3:35 Â 10 23 m K s À2 [25] . Despite its very crude character, this approximation is able to correctly describe the transition from ballistic to diffusive phonon transport in defect free CNTs [26] . The relaxation lengths for the temperatures of 50 and 300 K are shown by dash-dotted and dotted lines, along with the mean free paths and localization lengths, in Fig. 2 . Even for T as low as 50 K, and l are comparable for most frequencies. Hence, it is likely that, for the considered concentration of isotopes, localization effects will not take place. On the other hand, for T lower than 50 K and L up to a few m, only low frequency quasiballistic phonons contribute to the thermal conduction. But even if localization were not destroyed by anharmonic scattering, it would still not be observable by direct thermal conductivity measurements. This is because a large proportion of quasiballistic low frequency phonons coexists with the diffusive and localized higher frequency phonons. The thermal conductance value is dominated by the much larger ballistic and diffusive contributions. Thus, if the localized phonons behaved diffusive instead [T ¼ N=ð1 þ L=l e Þ for all L], the difference in thermal conductance would be negligible, as shown in Fig. 3 . In contrast, localization effects in the case of electrons are manifested via an exponential decrease of the conductance with the nanotube length even at the room temperature [21, 27] , due to almost simultaneous localization of all electrons from the energy range of $k B T around the Fermi energy [16, 27] , where k B is the Boltzmann constant.
Let us now consider the diffusive regime, taking place at lengths intermediate between the ballistic and localized ones. It is often assumed that, in the diffusive regime for low disorder concentrations, WI effects due to multiple scattering cancel out as a result of random phases of different scattering paths. In such case, it can be shown [15] that the total transmission in the presence of N i impurities is 1=T ¼ N i =T 1 À ðN i À 1Þ=T 0 , where T 1 is the one impurity transmission, and T 0 is the transmission of the impurity free system. To see how much this ''incoherent'' approximation differs from the exact calculation, in Fig. 4 we show the mean free paths extracted from the full calculation and this approximate approach, as a function of frequency (solid and dashed lines, respectively). There is a quite good agreement for low disorder concentrations (also observed for electrons in NTs [28] and NWs [17] ). Thus, for concentrations <1%, the mean free paths and, hence, the thermal conductivity can be fairly well estimated from the approximate approach, as well as the localization lengths using the Thouless relation.
On the other hand, for large isotope concentrations (*10%), multiple scattering driven WI effects lead to actual mean free paths which may differ from the ''incoherent'' approximation results by a factor of 2 or larger (see Fig. 4 ). The effect of such high isotope concentrations on thermal conductance has been experimentally reported for natural-abundance BN multiwalled NTs (MWNTs) (19.9% of 10 B and 80.1% of 11 B) [2] . Since the contact resistance was found to be minimal in small diameter (%1 nm) single-walled NTs (SWNTs) [29] , the ratio of measured thermal conductivity between isotope pure and impure SWNTs should be independent of this effect. Our results In the same figure we show in dashed lines that, if WI effects due to multiple scattering could be neglected, this ratio for a certain length would be similar to the accurate result for roughly 2 times longer lengths. Thus, multiple scattering induced WI effects play an important role in limiting the reduction of the thermal conductivities in high concentration isotope-disordered C and BN NTs.
We should note that the ratio isotope ðTÞ= pure ðTÞ for SWNTs is no longer expected to match our harmonic calculation for L larger than a few m above room temperature, since anharmonic scattering becomes important [29, 30] . The predicted isotope effect reduction of the BN SWNTs thermal conductance is very strong, comparable to those experimentally reported for MWNTs (%0:5). It takes place despite the fact that no localization effects will be observable, contrary to prior speculations. The calculated results may be directly compared against measurements on single-walled samples with controlled isotope concentration, should the latter become available in the future.
In conclusion, we have answered a controversial question on the origin of observable reductions of the thermal conductivity in isotope-disordered C and BN NTs. This effect was shown to be a consequence of diffusive scattering, and not of localization effects, as it was previously argued. Interference phenomena due to multiple scattering were found to be important for the thermal conduction properties of high isotope concentration (*10%) samples.
For smaller concentrations, we demonstrated that the phonon conduction is well described by the additive contributions of single scatterers. The concrete magnitude of the predicted isotope effects could be tested by future thermal conductivity measurements on single-walled nanotubes.
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